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Abstract 

A unitary representation of a, possibly infinite dimensional, Lie group 
G is called semi-bounded if the corresponding operators id7r(a;) from the 
derived representations are uniformly bounded from above on some non- 
empty open subset of the Lie algebra g. Not every Lie group has non- 
trivial semibounded unitary representations, so that it becomes an im- 
portant issue to decide when this is the case. In the present paper we 
describe a complete solution of this problem for the class of generalized 
oscillator groups, which are semidirect products of Heisenberg groups with 
a one-parameter group 7. For these groups it turns out that the existence 
of non-trivial semibounded representations is equivalent to the existence 
of so-called semi-equicontinuous non-trivial coadjoint orbits, a purely ge- 
ometric condition on the coadjoint action. This in turn can be expressed 
by a positivity condition on the Hamiltonian function corresponding to 
the infinitesimal generator D of 7. A central point of our investigations 
is that we make no assumption on the structure of the spectrum of D. In 
particular, D can be any skew-adjoint operator on a Hilbert space. 
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Introduction 



This paper is part of a project concerned with a systematic approach to uni- 
tary representations of infinite dimensional Lie groups in terms of conditions on 
spectra in the derived representations. For the derived representation to carry 
significant information, we first have to impose a suitable smoothness condition. 
A unitary representation tt : G U('H) is said to be smooth if the subspace 71°° 
of smooth vectors is dense. This is automatic for continuous representations of 
finite-dimensional groups. For any smooth unitary representation, the derived 
representation 



dTr: L(G) ^ End(-H°°), d7r(x)w := ^ 



t=o 



7r(expta;)u 



carries significant information in the sense that the closure of the operator d7r(a;) 
coincides with the infinitesimal generator of the unitary one-parameter group 
7r(expta;). We call (tt,?^) semibounded if the function 

Stt : M U {oo}, STr{x) := sup (Spec(id7r(a;))) 

is bounded on a neighborhood of some point in 0. All finite dimensional con- 
tinuous unitary representations are bounded and most of the unitary represen- 
tations appearing in physics are semibounded ( |BSZ92) . [Bo96) , [NelOaj , |Se67j . 
|SeG81| . |FH05) . IGJ] ). Therefore it is an important structural problem in 
infinite dimensional Lie theory to understand when a given Lie group G has 
non-trivial semibounded unitary representations. In the present paper we ob- 
tain a complete answer to this problem for the class of oscillator groups. Before 
we take a closer look at these groups, we describe our approach to this problem. 

A central idea is that, for a smooth unitary representation (tt,?^), the func- 
tion can be written as 

s^(a;) = swp{I^,-x) = -inf(/^,x), 

where J^r C 0' (0' denotes the topological dual of 0), is a weak-*-closed convex 
subset, called the momentum set of n. It is defined as the weak-*-closed convex 
hull of the image of the momentum map on the projective space of H°°: 

$.:P(H°")^0' with $^(M)(x) ^ ior[v]^Cv. 

We call a subset E (- q' semi-equicontinuous if its support functional ssix) := 
sup(£', —x) is bounded on the neighborhood of some point in 0. In this sense, a 
smooth unitary representation (tt, H) is semibounded if and only if It^ is semi- 
equicontinuous. Since the ideal is the kernel of the derived repre- 
sentation, we are interested in those groups for which the semi-equicontinuous 
coadjoint orbits 0\ — Ad*(G')A C 0' separate the points of 0. This is trivially 
the case if G is connected and abelian, which implies that all coadjoint orbits 
are trivial, i.e., 0\ = {A}. Since the semibounded representations of abelian 
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Lie groups are well-understood in terms of a suitable spectral theorem f [Ne09[ 
Thm. 4.1]), it is natural to ask for the "simplest" class of non-abelian groups 
with non-trivial semibounded representations. 

As a consequence of the elementary considerations in Section [TJ we show 
in Theorem 11.51 that if g is either nilpotent or 2-step solvable, then all semi- 
equicontinuous coadjoint orbits in q' are trivial. On the group level, this implies 
that all semibounded unitary representations factor through abelian quotient 
groups. Therefore we focus on 3-step solvable Lie algebras. Among these al- 
gebras, the simplest and the most prominent class are the oscillator algebras. 
They are constructed as follows. Let (V, w) be a locally convex symplectic space 
and 

Heis(t/,cj) :=R®^ 
be the corresponding Heisenberg group with the multiplication 

(z, v){z', v') ^{z + z' + ia;(w, v'),v + v'). 

Further, let 7: R — )• Sp(y,a;) be a representation defining a smooth action of R 
on V and D := j'{0) be its infinitesimal generator. Then 

G G(y,cj,7) := Hcis(V",w) R 

is a Lie group, called the corresponding (generalized) oscillator group. Its mul- 
tiplication is given by 

(z, V, t){z', v' , t') = ^z + z' + 2'^('^' ^ + 7(*)"'i ^ + 

and its Lie algebra is 

fl -.^QiV.uj.D) :=fieis(F,w) x^^R 

with the bracket 

[(z, w, i), (z', v' ,t')] = {ui{v, v'), tDv' — t'Dv, 0). 

The one-parameter group 7 represents on V the flow of the Hamiltonian vector 
field corresponding to the function Hd{v) := ^uj{Dv,v). 

The first main result of the present paper is a characterization of those oscil- 
lator algebras with non-trivial semi-equicontinuous coadjoint orbits. The answer 
is surprisingly simple, namely that such orbits exist if and only if q(V,uj,D) is 
isomorphic to a double extension of a euclidean locally convex space {V, k), de- 
fined by a skew-symmetric derivation D on V (Theorem 13. 2p . We also give 
a description of the set q'^^^ of semi-equicontinuous coadjoint orbits (Proposi- 
tion In particular, we show that the existence of non-trivial semi-equi- 
continuous coadjoint orbits implies that Hjj is either positive or negative. 

In Sections |4] and [5] we get full circle by showing that, up to passing to 
a natural completion, resp., a naturality condition on the topology on V in 
terms of k and D, the existence of semi-equicontinuous coadjoint orbits is for 
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oscillator groups equivalent to the existence of non-trivial semibounded unitary 
representations. The investigation of the structure of the set of semibounded 
unitary representations of a given oscillator group is part of the second author's 
Ph.D. project (cf. [ZeTT] ). 

The investigations in the present paper are prototypical for many other sit- 
uations occurring in infinite dimensional Lie theory in relation to mathematical 
physics. There one often encounters groups of the from G = H xi-^ M, where 
H is a central extension of a Lie group H . For such groups the question arises 
if there are unitary representations (tt, %) satisfying the "positive energy" con- 
dition, also called the "spectral condition", that — ?d7r(0, 1) is bounded from 
below f [Bo96| ). Generalized oscillator groups are the simplest groups of this 
type, corresponding to the situation where H = (V, is the additive group of 
a locally convex space. In this case the positive energy condition is equivalent 
to semiboundedness (cf. Lemma TS.Zp . The necessary conditions derived in the 
present paper apply in particular to 7-invariant abelian subgroups of H so that 
they have an immediate impact on the general case. In view of the absence 
of any structure of the group H = {V,+), they provide the context with the 
maximal freedom for the one-parameter groups 7 so that the influence of the 
spectral properties of 7 on the representation theory of G can be studied most 
directly. 

1 Triviality of semi-equicontinuous orbits 

In this section we introduce the main geometric concept of this paper: semi- 
equicontinuous coadjoint orbits. The main result of this short section is The- 
orem 11.51 asserting that if g is nilpotent or 2-step solvable, then all its semi- 
equicontinuous coadjoint orbits are trivial. Throughout g denotes the Lie al- 
gebra of a connected locally convex Lie group G to ensure the existence of a 
coadjoint action Ad*{g)a a o Ad{g)~^. 

Definition 1.1 We call a subset E C_ g' semi-equicontinuous if its support 
functional se{x) := sup(i?, —x) is bounded on the neighborhood of some point 
in Q. This implies in particular, that the associated convex cone 

B{E) :— {x e q: mi{E,x) > —00} = {x G g: se{x) < 00} 

has interior points. 

Remark 1.2 (a) HE is semi-equicontinuous, then B{E) has interior points 
and E contains no affine line ao + R/3, because this would lead to 

BiE) C B{aQ + M/3) C ker/3. 

(b) If g is finite dimensional, then a subset i? C g' is semi-equicontinuous if 
and only if its convex hull contains no affine lines (cf. |Ne001 Prop. V.1.15]). 

(c) If C g is an open convex cone, then its dual cone 

W* {a eg': a(W) C [0,oo[} 
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is semi-equicontinuous because sw*{W) = {0}. 

If fiseq — fl' denotes the set of all semi-equicontinuous coadjoint orbits, then 

its annihilator n := (flscq)^ ^ closed Ad(G)-invariant ideal in g, and each 
semi-equicontinuous coadjoint orbit can be identified with a coadjoint orbit of 
the quotient algebra g/n. 

Lemma 1.3 Suppose that Ox C q' is semi-equicontinuous. If x £ q satisfies 
(ada;)^ = 0, then [x,q] C O^. In particular, we have: 

(a) Every abelian ideal a< Q satisfies [a, g] C Oj^ . 

(b) Ifg'seq separates the points of q, i.e., (flseq)"'' = {0}; ^^^''^ every abelian ideal 

in Q is central. 

Proof. From \o ^^'^^ = \ + IR(A o adx) and the semi-equicontinuity 

of Oa, we derive that A o adx = 0. Applying the same argument to any other 
e Oa implies that [x,q] C Oj^. 

(a) If a is an abelian ideal, then (adx)^ = holds for every a; e a, so that 
(a) follows from the preceding argument. 

(b) is an immediate consequence of (a). ■ 

For a Lie algebra g, we define the derived series 

D\q):=q, D"+i(g):=[D"(g),i?"(g)] for n e No, 

and the descending central series 

C\q)~q, C"+i(g) [g,C"(g)] for n e N. 

Lemma 1.4 If q is a Lie algebra in which all abelian ideals are central, then 
the following assertions hold: 

(a) Each nilpotent ideal n < g satisfies C^(n) C 3(g) and C^(n) = {0}. 

(b) If V < g is a solvable ideal and n £ No is maximal with -D"(r) ^ {0}, then 

£)"(t) is central in g. 

(c) 3(adg) = {0}. 

(d) // g is nilpotent, then g is abelian. 

Proof. (a) Let n S No be such that C"+^(n) = {0} and minimal with this 
property. We may w.l.o.g. assume that n is non-abelian, i.e., n > 2. If n > 2, 
then the relation 

[C"-i(n),C"-i(n)] C C2"-2(n) C C"+i(n) = {0} 

leads to (^^""^(n) = {0}, so that C"^^(n) is an abelian ideal of g, hence central. 
This contradicts C"(n) ^ {0}. Therefore n < 2, and this means that C^(n) = 
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{0}. This in turn implies that [C^ {n) , (n)] C C*{n) = {0}, so that C'^{n) is 
an abehan ideal of q, hence central. 

(b) This is an immediate consequence of the fact that £'"(r) is an abelian 
ideal of g. 

(c) Suppose that adx £ 3(adg). Then a := ad^^(Mada;) — Rx + 3(0) is an 
abelian ideal of g, hence central. We conclude that x £ 3(0), and finally that 
adx = 0. 

(d) From (a) we derive that C^(g) = [0,0] is central in 0, and thus adg is 
abelian. In view of (c), this leads to adg = {0}, i.e., =3(0) is abelian. ■ 

Theorem 1.5 If g is either nilpotent or two step solvable, i.e., D^{q) = {0}, 
then q'^^^ C [0,0]^, i.e., all semi-equicontinuous coadjoint orbits are trivial, i.e., 
consist of one point. 

Proof. Passing to the quotient q :— g/n, where n :— (0scq)^7 we obtain a 
Lie algebra with the same semi-equicontinuous coadjoint orbits as 0, and for 
which q^pq separates the points. Hence every abelian ideal in q is central by 
Lemma ll.3l 

If is two step solvable, then the same holds for q, and Lemma Fl .41 implies 
that the abelian ideal [q,q] < q is central, i.e., C^(q) = {0}. In particular, q is 
nilpotent. Finally, Lemma ri.4r d) implies that q is abelian, i.e., that [q,q] C n. 
This means that every semi-equicontinuous coadjoint orbit in is trivial. ■ 

2 Oscillator algebras with semi-equicontinuous 
coadjoint orbits 

The two main results of this section are the characterization of those oscillator 
algebras g(V,uj,D) with non-trivial semi-equicontinuous coadjoint orbits (The- 
orem 12. 8p and the description of the semi-equicontinuous coadjoint orbits for 
these algebras (Proposition 12.10"]) . 

Definition 2.1 A pair {V,Q), where 1^ is a locally convex space and Q is a 
continuous symmetric positive definite bilinear form on V is called a locally 

convex euclidean space. For a & V we then write 

llajlg := sup{a(w) : Q{v, v) < 1} e [0, 00] 

for the norm of a with respect to Q. We write Vq for the completion of V with 
respect to Q and observe that the condition ||a||Q < 00 is equivalent to the 
existence of a continuous extension of a to Vq. 

Lemma 2.2 Let (V, Q) be a locally convex euclidean space. Then the quadratic 
polynomial 

fa.:V^R, fc.iv)^a{v)+Qiv,v) 
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is bounded from below if and only if Q is positive semidefinite and a is Q- 
continuous, i.e., \\a\\Q < oo. In this case 




In particular, for a subset A C V' , the set {fa '■ a G A} is uniformly bounded 
from below on V if and only if 

sup{||q!||q: a ^ A} < oo. 

Proof. If Q{v,v) < 0, then fa is not bounded from below on the hne M.v. 
Therefore Q is positive semidefinite if fa is bomided from below. It is also 
necessary that a vanishes on each Q-isotropic vector. If a is unbounded on the 
Q-unit ball Bq := {v G V : Q{v,v) < 1}, then the convexity of Bq = —Bq 
implies that faiBq) = R. Therefore \\a\\Q < oo is necessary for fa to be 
bounded from below. 

Suppose that inf fa > — oo. Then a is represented by an element Va G Vq, 
and 

7a{v) := a{v) + Q{v, v) = Q{va,v) + Q{v, v) 
defines a polynomial map Vq M. For vq G Vq we have 

dJM = a + 2g(«o, •) = Q{va + 2vo, •), 
which vanishes only for vq — —-^Va- In this point takes its minimal value 

inf7« = -^a{Va) + ^Q{Va,Va) = ~'^^{Va,Va) = ~^||a||Q. 

Since V is dense in Vq, we finally derive inf = inf = — i||a||Q. ■ 

Remark 2.3 For a quadratic functional of the form f(v) = a{v) +tQ{v,v) for 
which Q is positive definite and i > 0, we obtain with Lemma 12.21 

inf / = t ■ M{t-'a + Q) = -^Wt-'aWl = 

Remark 2.4 Note that the map 

if. [}eis(y", w) X £) M f)eis(y", w) x__d R, {z, v, t) := (z, v, —t) 

defines an isomorphism of Lie algebras. Therefore we can always pass from D to 
—D if this is convenient. An analogous statement holds for the corresponding 
Lie groups. 

We want to describe the subset q'^^^ of semi-equicontinuous coadjoint orbits 
and in particular find necessary and sufficient conditions on {V,uj,D) for the 
existence of non-trivial semi-equicontinuous coadjoint orbits. 
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Remark 2.5 For A = {z*,a,t*) and v £V we derive from {adv)^^ = that 
Ad* (0, u, 0)A = A - A o ad w + ^A o (ad 

= A + (0, -z*i^uj, a{Dv)) + i(0, 0, z*lu{Dv, v)) 

= (^z* ,a ~ z*iyUj, t* + a{Dv) + —uj{Dv, u)j , (1) 

i.e., 

(Ad*(0,w,0)A)(z,.T,<) = z* z+a{x)-z*Lo{v,x)+tt* +ta{Dv) + ^-^ijj{Dv,v). (2) 

In particular, Ad*(F)A — {A} is equivalent to z* = and D*a = 0, which is 
equivalent to the triviality of the coadjoint orbit Oa, resp., to A £ [fl,0]^- 

Assume that Q(v,w) := uj{Dv,w) is positive semidefinite and that tz* > 0, 
so that the quadratic term in ([2]) is positive definite on V. From Remark 12.31 
we then derive that 

inf(Ad*(0,y,0)A, (z,a;,t)) = z*z + a{x)+tt* - ^\\tD* a + zH^i^j^q. (3) 

Lemma 2.6 Suppose that A = e q'^^^ and that there exists an element 

{z,x,t) G B{Ox)'^ with z*t > 0. Then the following assertions hold: 

(i) The symmetric bilinear form Q: VxV ^R,Q{v,w) := Uj{Dv, w) is positive 

definite. 

(ii) D*a and all linear forms i^w, x €V, are Q-continuous with x i— > Hij^wHg 

hounded on a -neighborhood in V . 

Proof. (i) In view of ([2]), the quadratic function 

fx{v) := (Ad*(i;)A)(z,a;,i) = z* z + a{x)~ z* LLi{v,x)+tt* +ta{Dv) + —lu{Dv,v) 

on V is bounded from below. Its restriction to is bounded from below if and 
only if either uj{Dv, v) > or 

iL!(Dv,v)^Q and ta{Dv) = -z*u!{x,v). (4) 

This shows that Q is positive semidefinite. 

To see that Q is actually positive definite, suppose that v G V satisfies 
Q{v, v) = 0. Then the positive semidefiniteness of Q implies {0} = Q{v, V) = 
uj{Dv, V), which in turn leads to Dv — because uj is non-degenerate. By Q 
we now obtain that uj{x,v) = 0. Since {z,x,t) G B{0\)'^ and A £ Qsoqj there 
exists an open 0-neighborhood U C V such that 

inf iid{Ox,{z,x',t)) > — oo. 
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In particular, {z,x',t) G B{0\)°, so that the preceding argument leads to 
uj{U,v) = {0}, and hence to w = 0. This proves that Q is positive definite. 

(ii) Let U be as in (i) above. From Lemma and the uniform semibound- 
edness of the quadratic functions fx',x''Ex + U, from below, we derive that 
the set of linear functional 

z*ix'OJ + tD*a, x'ex + U, 

is uniformly bounded with respect to || • \\q. As z* ^ 0, the set iyW, y G U, is 
uniformly Q-bounded. This implies in particular that all functionals it,a;, v £ 
are Q-bounded, and hence that D*a is also Q-bounded. ■ 

Remark 2.7 If A = {z* , a, t*) S q' vanishes on the central element (1, 0, 0), i.e., 
z* = 0, then 0\ vanishes on (1,0,0), hence can be considered as a coadjoint 
orbit of the 2-step solvable quotient Lie algebra F Xd R. Now Theorem 11.51 
implies that 0\ is semi-equicontinuous if and only if it is trivial. We conclude 
that z* 7^ whenever 0\ is nontrivial and semi-equicontinuous. 

Theorem 2.8 (Characterization Theorem) The Lie algebra g = q{V,uj,D) has 
non-trivial semi-equicontinuous coadjoint orbits if and only if, possibly after 
replacing D by —D, the following conditions are satisfied: 

(CI) Q{x,y) := Lu{Dx,y) is positive definite. 

(C2) All functionals ix^jJ, x £ V , are Q-continuous. 

(C3) // Vq denotes the Hilbert completion of V with respect to Q, then the map 
77 : 1^ — )■ Vq , defined by 

Qivix), y) = iixi^){y) = w(a;, y) for x,y eV, 
is continuous. 

Proof. Suppose that A — {z* ,a,t*) G g' has a non-trivial semi-equicontinuous 
orbit. In view of Remark 12.71 have ^ 0. 

Since the open cone B{Ox)'^ is non-empty, it either contains an element 
{z,x,t) with t > or t < 0. In the case z*t < we replace D by —D (cf. 
Remark l2.4p . Now (C1)-(C3) are consequences of Lemma 12.61 

Suppose, conversely, that (C1)-(C3) are satisfied. We claim that A := (1, 0, 0) 
has a semi-equicontinuous orbit. Since A is fixed by the subgroup {(0, 0)} x R, 
we have Ox = Ad*(0, V, 0)A. Now © implies that, for t > 0, 

miOx{z, X, t) = inf (Ad* (0, V, 0)A, (z, x,t)) = z - \M\q- 

This is a continuous function on the open half space f)eis(F, w) x]0, cx)[, so that 
0\ is semi-equicontinuous. ■ 
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Remark 2.9 In Theorem 12. 8[ the positive definite form Q is 7-invariant. As a 
consequence, the embedding 77 : V Vq is 7-equi variant. 

We now take a closer look at the set of semi-equicontinuous coadjoint orbits 
for generalized oscillator algebras satisfying the conditions (C1)-(C3) in Theo- 
rem 12.81 We shall see in Proposition 13.41 below how these conditions simplify 
from the perspective of double extensions. 

Proposition 2.10 //(C1)-(C3) in Theorem l2. 81 are satisfied, then the coadjoint 
orbit of X — (z*,a,t*) is non-trivial and semi-equicontinuous if and only if 

(SEl) z* 7^ 0. 

(SE2) D*a is Q-continuous. 

(SE3) 7(M)*a C V' is semi-equicontinuous. 

In this case we have 

B(e'A)° = M X S(7(]R)*a)"x]0,oo[z*. (5) 

Proof. Suppose first that 0\ is non-trivial and semi-equicontinuous. Then 
Remark ^Xl\ implies that z* ^ 0. With Q and Lemma we see that z*t > 
is a necessary condition for Ad*(0, V, 0)(z, x, t) to be bounded from below. This 
implies the existence of an element {z,x,t) G B{0\)^ with z*t > 0. Now 
Lemma [276^ 11) implies that D*a is Q-continuous. In view of (C2) and (C3), ([3]) 
now leads to 

B(Ad*(0,T/,0)A)" = [)eis(y,w)x]0,oo[z*. 
Next we note that 

Oxiz,x,t) = (Ad*(0,F,0)A,(z,7(]R)a:,t)). 

Since 7(R) C GL{V) preserves u and D, it is Q-isometric. Therefore 

\\i-f{s)x^^\\Q = INxI^IIq for each s e M, 

and this implies that + tD*a\\Q is uniformly bounded in s S R and 

locally uniformly in x. Hence the rightmost term in ([3]) is uniformly bounded 
if X runs through 'y(E.)Ux for some neighborhood Ux of x. Therefore {z, x, t) S 
B{Ox)° implies that 

y I—)- inf q:(7(M)j/) 

is bounded on some neighborhood of x, which means that 7(R)*a is semi- 
equicontinuous. This proves the necessity of (SE1)-(SE3). 

Suppose, conversely, that (SE1)-(SE3) are satisfied. Then (SE2) and (SE3) 
imply that in ([3]) the right hand side is uniformly bounded below on a 7(R)- 
invariant neighborhood of (2:, x, t), and this means that inf 0\{z, x, t) is bounded 
from below on a neighborhood of (z, x, i), which shows that 0\ is semi-equicon- 
tinuous. ■ 
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3 The connection with double extensions 



Let (V, k) be a locally convex euclidean space and D: V be a skew- 

symmetric endomorphisni oi V, D ^ 0. Then uJDix,y) := K,{Dx,y) defines 
a skew-symmetric bilinear form on V ^ so that we obtain a Lie algebra 

q{V,k,D) := (R®^„ V)^D^ 

with the bracket 

[{z, V, t), (z', v', t')] = {ujd{v, v'), tDv' ~ t'Dv, 0) {k{Dv, v'),tDv' - t'Dv, 0). 

This Lie algebra q{V, k,D) carries the continuous Lorentzian form 

Kg((z, X, t), (z' , x\ t')) :— zt' + z't + k{x, x'), 

which is easily seen to be invariant under the adjoint action of the Lie algebra 
on itself, hence also under the adjoint action of any corresponding connected 
Lie group. 

Remark 3.1 If g :— q{V,k,,D) is a double extension as above, then a slight 
modification of the proof of |Ne06i Thm. VL2.7] implies that the existence of 
a Lie group G with Lie algebra g is equivalent to the integrability of £> to a 
smooth one-parameter group on V . 

From now on we assume that D integrates to a smooth orthogonal one- 
parameter group 7 on V . Since Kg is a continuous invariant Lorentzian form, it 
follows that 

W := {{z,x,t): z > 0, Kg{{z,x,t), {z,x,t)) < 0} 

is an open invariant convex cone in q(V, k, D), so that its dual cone W* is a 
semi-equicontinuous subset which contains for V ^ {0} non-trivial coadjoint 
orbits, such as the orbit of the functional A(z,a;,i) := z (Remark [TT^c)). 

In view of this observation, the following characterization captures the essence 
of the existence of non-trivial semi-equicontinuous coadjoint orbits for oscilla- 
tor algebras g(V, w, D). For us, this leads to a change of perspective with re- 
spect to the initial data from the symplectic data iy, ui, D) to the euclidean 
data (y, K, -D), which is better adapted to the discussion of semi-equicontinuous 
coadjoint orbits. 

Theorem 3.2 A generalized oscillator algebra g(y,Ci;,D) with V ^ {0} con- 
tains non-trivial semi-equicontinuous coadjoint orbits if and only if it is isomor- 
phic to a double extension g(V,K,_D) defined by a continuous skew- symmetric 
operator D on a euclidean locally convex space (V, n). 

Proof. If g g(y,a;,_D) contains non-trivial semi-equicontinuous coadjoint 
orbits, then by Reniark [2.4l we may assume that (C1)-(C3) from Theorem l2.8l are 
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satisfied. Hence the embedding rj: V ^ Vq leads to a 7(M)-invariant continuous 
scalar product on V: 

K{x,y) Q{'q{x),'q{y)) 

satisfying k{x,x) — \\ixUj\\Q = ||?7(a;)||Q fRcniark l2.9p . 

We may consider 77 as an unbounded skew-symmetric operator on the real 
Hilbert space Vq with domain V — V. It satisfies 

Q{i]{Dx),y) = oj{Dx, y) = Q{x, y), x,y eV, 

so that rj o D = idy and 

n{Dx,Dy) ^ Q[x,y) for x.yeV. (6) 

For x, y e y we further obtain 

^d{x, y) := k{Dx, y) = Q{t]{Dx), -qiy)) = Q{x, rjiy)) = Q{ii{y), x) = w(y, x). 

(7) 

This implies that the map 

g{V,K,D) (]R®„^ V) y>D^^ 9iV,Lj,D), {z,x,t) <^ {-z,x,t) 

is an isomorphism of topological Lie algebras. 

If, conversely, Z? is a skew-symmetric operator on the euclidean locally con- 
vex space, then we have already seen above that ^(V, k, D) has non-trivial coad- 
joint orbits. ■ 

Remark 3.3 For a generalized oscillator algebra g(y, w, D), F 7^ {0} with non- 
trivial semi-equicontinuous coadjoint orbits we have constructed in the proof 
of the preceding proposition a continuous real scalar product k on V which, 
possibly after replacing D by ~D, satisfies y) — —n{Dx,y) for x,y £ V. 
This K has the nice property that D{V) is dense in V^. To see this choose for a 
V Q V a sequence Vn € V such that u„ converges to r]{v) G Vq with respect to 
the Q-norm. Since v„ = ri{Dvn), it follows that 

\\Dvn - w|U = \\r]{Dvn) - r]{v)\\Q 0. 

From now on we suppose q(V, uj, D) ^ g(y, k, D). In particular D is injective. 
The following proposition characterizes non-trivial semi-equicontinuous orbits, 
according to our new perspective, in terms of the data (V, k,D). 

Proposition 3.4 The coadjoint orbit of X — {z*,a,t*) in g{V,K,D) is non- 
trivial and semi-equicontinuous if and only if z* ^ and Q;|£)(v) is K-bounded. 
If Diy) is dense in V , then the condition that a\u(y) K-bounded is equivalent 
to the K-boundedness of a. 

Proof. We have to reformulate the conditions (SEl-3) from Proposition l2.10l 
in the new context. Condition (SEl) that z* ^ remains the same. 
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For (SE2), we observe that for a £ V have {D*a){v) — a{Dv), and 
(SE2) is equivalent to the existence of some C > with 

HDx)\ < C\\x\\q ^ C\\Dx\\, (8) 

(cf. (|ni))- This in turn is equivalent to the K-boundedness of which 
in turn is equivalent to the existence of some a in the K-dual of V such that 
D*(a — a) = 0. This condition implies that 5 — a is fixed by 7(K.), so that we 
have for each s G M the relation 7(s)*5 — 5 = ^{s)*a — a, and thus 

7(R)*5-5 = 7(R)*a-a. 

It follows in particular that 7(M)*Q! is semi-cquicontinuous if and only if 7(M)*a 
has this property. But 7(M) consists of K-isometries, so that 7(E)* a is equicon- 
tinuous in the K-dual of V , hence also equicontinuous in V' . Therefore (SE3) is 
a consequence of {SE2). ■ 



Remark 3.5 (a) In the preceding proof, the difference a ~ a £ [g, g]^ C q' is 
a fixed point of the coadjoint action. Therefore 

Ca+5-q = a - a + 0\. 

From the preceding argument we obtain the inclusion 

0^eqC(Kxy^xM) + [0,0]^, 

i.e., by a shift with a fixed point, every semi-equicontinuous coadjoint orbit can 
be moved into the subspace R x x R C g'. In particular, they are contained in 
the dual space of any topological Lie algebra q between g and its K-completion 
K ® © K. 

(b) The proof of the preceding proposition implies in particular that con- 
dition (SE3) in Proposition 12.101 is redundant. Assuming (C1)-(C3), it follows 
from (SEl) and (SE2). 

(c) If D{V) is dense, then ^ implies that ||a||K < C. In particular, a\B(v) 
is K-bounded if and only if ||a||„, < 00. 

In the situation of Remark 13.31 we have seen that D{V) is dense in V^, hence 
in V with respect to k. Therefore the K-boundedness of a\]j{v) implies that it 
has exactly one K-continuous extension to V . Whether this extension coincides 
with a or not depends on the density of D{V) in V . If D{y) is not dense in 
V , then has many different continuous extensions to V , some of which 

are not K-bounded (cf. Example 13.61 below). Moreover in this case it may also 
happen that there exists a different ki ^ k on V such that the Lie algebras 
K, Z?) and 0(y,Ki,Z?) are the same (cf. Example 14. 2f d) below). 

Example 3.6 (a) For U = L^{[Q,l],C), V = C([0,1],C) and 

{^{t)f){x) = e^'^f{x) 
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we obtain {Df){x) = ixf{x). Clearly, kerD = and ini(D) = {ker D)^ ~ %. 
However, D(y) C {/ e T/: /(O) = 0} is not dense in V and evo : V -> C is a 
7-invariant continuous linear functional. 
In this case ^ 

^{f, 9) = {Df, g) = i / xf{x)g{x) dx 
Jo 

and ^ 

Oj{Df,g) = {D^f,g) = [ x\f{x)^dx 

Jo 

is negative definite. 

(b) On R we consider the measure j.i = Sq + X[o,oo[ ■ dx, so that 

L^iR,n) ^C® L^{R+,dx). 
On this space we consider the skew-adjoint operator 

Dfix) ixfix) 

and the domain 

V Cr([0,oo[) = {(/(O),/) € C X L'{m+): f € C^{[0,^[)}. 

Then V is dense in L^(R, /i) and V is invariant under the corresponding unitary 
one-parameter group 

and D itself. Therefore 1^ is a core of D, i.e., D is the closure of D :— D\v- 
Here is an eigenvalue of D, but not of D. 

Remark 3.7 Since 7(M) C GL(y) preserves the scalar product k, it defines an 
orthogonal one-parameter group 7: M — )■ 0{Vk) whose infinitesimal generator 
7'(0) extends D. Since F C is a 7(M)-invariant dense subspace, |EN001 
Prop. II. 1.7] implies that 7'(0) — D is the closure of D in Vk. As V is invariant 
under D, we clearly have V C 2?°°(D) = flrT^i^'C^ ), the space of smooth 
vectors for D resp., 7. 

Proposition 3.8 (Real version of Stone's Theorem) Let H be a real Hilhert 
space, 7: R — > O('H) he a strongly continuous one-parameter group of isometrics 
ofH, and T) Q % be a dense subspace invariant under 7(R) and consisting of 
C'^ -vectors. Then the operator 

A-.V^H, Au;=7'(0)w satisfies A 7'(0) = -A^. 

Proof. [ENOOl Prop. II.1.7] implies that 7'(0) = A Further, A C -A^ 
follows from the fact that 7(R) consists of isometrics. From the closedness of 
A^ ( [RUTSI Thm. 13.9]), we fu rther d erive that 'A C -A^ = -'A^ . 

Applying Stone's Theorem ( |Ru731 Thm. 13.37]) to the complex linear exten- 
sion 7c(i) of the operators ^{t) to the complex Hilbert space He, we derive that 
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7c(0) is skew-adjoint. Clearly, 7^(0) is the complex linear extension of the oper- 
ator 7'(0) on 1-1, which imphes that 7'(0) = — 7'(0)^. In particular, the domain 

of is not larger than = T>{j'{0)), and this leads to = A = -A 



Remark 3.9 We take a closer look at the continuous injection 

Here we identify V with a dense subspace of the real Hilbert space Vq and 
consider D, as a well as rj, as unbounded operators with domain V = V. 
We have already seen in the proof of Theorem 13.21 that 

rioD = idv, (9) 

which implies in particular that V C ri{V). As the subspace 1/ C Vg is invariant 
under the strongly continuous one-parameter group 7(M) of isometrics of Vq, 
its infinitesimal generator in Vq satisfies 

7'(0) = D = -D^ 

(Proposition 13.81) . The operator D: V ^ Vq is injective, so that we may define 
its inverse by 

V{D-^): D{V) ^V, Dv^v. 

The relation © now implies that 77 is an extension of D"^, which is defined on 
all of V. 

As 7 defines a smooth M-action on V and 77 is continuous, ri(y) consists of 
smooth vectors for 7. For v,w ^V, the relation 

Q{rjv, Dw) = uj{v, Dw) — ~uj{Dv, w) ~ ~Q{r]Dv, w) = —Q{v, w) 

implies that Dri{v) — —D^r]{v) = v, i.e., 

DoTJ^idy. (10) 

This shows in particular that V C im(£'), and since D{V) is dense in im(£'), it 
follows that D{V) is dense in Vq. From that we further derive 

ker(D) = ker(i:>^) = im{D)^ = {0}, 
i.e., that D is injective. For v £ V we derive from DD = v = Drj{v) that 

W'lv^V- (11) 
On the dense subspace V^ im{D) of Vq we now define 

uJi{v,w) Q{D ^v,w), 
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and note that, by ([7]) and (|lip . cji extends w. Further 

iOi(Dw,Dv) = = -Q{v,Dw) = -uji(Dv,Dw) 

imphes that uji is skew-symmetric. It is continuous with respect to the norm 
defined by 

Note that ^ 

\\D ^\\q = \\vi^)\\Q = f^i.^^^) for v£V. 

As 77: — > Vq is continuous, we further observe that ri{V) C 'D°°{D) and 
the map V -> 'D°"{D) is continuous with respect to the natural Frechet topology 
on the right hand side. 

In the preceding remark we have used the scalar product Q on V to obtain 
a Hilbert space environment for V . Alternatively, one may consider the scalar 
product k{v,w) = Q{ri{v),ri{w)). 

Lemma 3.10 The map 

77: {V,k)^{7^{V),Q) 

is isometric and extends to an isomorphism ff: Vq of real Hilbert spaces. 

It intertwines the unbounded operator D : V ^ with the operator 

DUv)=v''-v{V)^VCVq. 

The closure of D on is injective with dense range. 

Proof. The relation r/ o D ^ idy leads to 

i^oDoif^ = »r%(v) = D\^(V)- 

Since y is a core for D in and rj{V) 13 y is a core for D in Vg, the map rj 

intertwines the closure D'^° with the closure D = d'^ . From the corresponding 
properties of D fRemark l3.9p . it now follows that D " is injective and has dense 
range. ■ 



4 Complex structures 

It is well known that symplectic complex structures satisfying a positivity con- 
dition are the natural key to unitary representations of the Heisenberg group 
IIeis(y,a;) (cf. [FSOOi p. 455]). Therefore we study in this section how suitable 
complex structures on V , resp., a slightly enlarged space, can be obtained from 
the available structure defined by the skew-symmetric operator D on {V, n). 

Lemma 4.1 Let H be a complex Hilbert space and 7 : M — >■ U('H) be a strongly 
continuous one-parameter group with selfadjoint generator A — —iy{0). Equip 
V°°{A) with the C°° -topology for which the inclusion V°°{A) n^''°,v ^ 
{A^^v)nen„ is a topological embedding. Then the following assertions hold: 
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(a) is a Frechet space and the action R x 'D°°{A) V°°{A), {t,v) ^-> 
"f(t)v is smooth. 

(b) Let V C (A) be a real subspace invariant under 7 and dense in 1)°° {A) 

w.r.t. the Hilbert norm. Then V is also dense in 'D°°{A) w.r.t. the C°°- 
topology. 

Proof. For (a) see |NelOb( Rem. 4.7(a) and Cor. 4.5]. 

(b) Let V e 'D°°{A) and choose a sequence (i;„) in V converging to w in 'H. 
For / e C^(IR,R) the bounded operators 

7(/)w= / f{t)jit)wdt, w&V^{A), 

satisfy 

Aj{f)w= f f{t)A^{t)wdt = -i f ![t)i{t)wdt 

JR JR 

= 1 f f'{tMt)wdt^ijif')w, 

JR 

and by iteration we obtain A''^{f) = «'^7(/*-''-'). We thus obtain 

This shows that j{f )v is contained in the closure of y in in the C°°- 

topology. Here we have used that the Frechet space V is invariant under 7(/). 
In view of (a), every neighborhood of v in 'D°°{A) contains an element of the 
form 7(/)w, so that v V. ■ 

Example 4.2 (a) Let "H be a complex Hilbert space and A = A* he a. self- 
adjoint operator with the domain T) C T-L, for which the dense subspace V is 
invariant under the action of the corresponding unitary one-parameter group 
7(t) := e'*"^ and also under A. Then is a core for A consisting of smooth 
vectors and dense in V°°{A) (cf. |EN001 Prop. H.1.7]). 

On V we have the real scalar product k(v, w) :— Re(u, w), and D :~ iA\y is 
a skew-symmetric operator, defining the alternating form 

uj£){x, y) :— k{Dx, y) — Re(iAx, y) = — Im(j4a;, y). 

We further have 

ujD{Dx,y) = -lin{A{iA)x,y) = -niA^x^y) = -K{Ax,Ay), 

so that Q{x, y) := —ojoiDx, y) is positive definite if and only if ker(^)nV^ = {0}. 

(b) A natural topology on V is the C°°-topology. This topology turns qa = 
f)eis(y, ojd) X£)R into a locally convex Lie algebra that integrates to a Lie group 
Ga — Heis(F,a;D) x^ K which in the case V = 'D°°{A) is a Frechet-Lie group 
(cf. Lemma l4JT a)). 
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(c) A typical class of examples arises for V = 1)°° {A) , the space of all smooth 
vectors oi A. In this case the subspace AV of V is dense with respect to the 
Frechet topology if and only if the space 2?~°°(A) := 'D°°{Ay of distribution 
vectors contains no 7-invariant element. This is not always the case, even if 
her A is trivial. 

(d) Let us recall Example I3.6f b). Here we clearly are in the situation 
of Example I4.2r a) and hence obtain a double extension g{V,Ki,D), where 
Ki{v,w) := Re(w,u') and V is equipped with the C°°-topology. Furthermore 
D is injective on V but D{V) is not dense in V^j. On the other hand, by 
Remark 13.31 there exists a continuous real scalar product k on y such that 
K{Dx,y) — Ki{Dx,y) holds for x,y gV and D{V) is dense in V^. In particu- 
lar, the real scalar products k and ki are different but the oscillator algebras 
q{V, Ki,D) and g{V, k, D) coincide. 

Lemma 4.3 Suppose that A: 2? — > "H is an essentially selfadjoint operator on 
the complex Hilbert space %. Then ker(yl) = {0} is equivalent to the density of 
im(A) = A{V) in U. 

Proof. This follows from the relation kcr(A) = Ym{A)^ = im(A)^ ([Ru73]), 
which in turn follows from the density of \m.{A) in \m{A). ■ 

In general ker A = {0} does not imply that ker A = {0} (cf. ExamDle l3.6f b)). 

Remark 4.4 Now let {V, k) be a real pre-Hilbert space and D : V ^ V he 
a skew-symmetric operator which integrates to a continuous orthogonal one- 
parameter group 7 on V. We assume that D{V) is dense in H := (cf. 
Remark 13. 3p . Then Vc '~= "He is invariant under the unitary one-parameter 
group 7 on T-Lc, hence a core for D. Now the operator A := —iD, defined on Vc, 
is essentially self-adjoint and the canonical antilinear involution a of T-Lc with 
(^cY — satisfies 

a o A = —A o a, 

so that aP{E)a = P{—E) holds for the spectral measure P of A. The assump- 
tion that D{V) is dense in H implies that P{{0}) = (Lemma 14. 3p . so that He 
decomposes into two closed subspaces 

nc = 'H+(B'H-, where H± = P(±]0, ooQHc- 

In view of cr(l-L±) ~ Hip, we obtain an isometric real linear isomorphism 

p-.n+^n, V ^ -^{v + a{v)). 

This leads to the structure of a complex Hilbert space on H, where the complex 
structure is given by 

Ip{v) :— p{iv) for v G 



18 



The scalar product on % satisfies 

'Re{x,y) — K,{x,y) for x,y 

and 7 becomes a unitary one-parameter group on %. We define the positive 
symmetric operator on % by Avjp{v) :— p{Av) for v G "H^ n T^^A) and note 
that _ 

I? {t;: e 2?(A)} = pCH+ n 25(A)). 

For p{v) € V , we then have 

Dp{v) — p{Dv) — p{iAv) — Ip{Av) — IA-Rp{v), 

so that 

D = I Am and Ar = -/£> > 

hold on V. 

Remark 4.5 In general the subspace Vc does not need to be adapted to the 
decomposition He = H+ ®H-, but if V = V°°(D), then Vc = V°^{A) is 
invariant under the spectral projections P(±]0, c»[). 

Definition 4.6 Let {V,uj) be a symplectic vector space. A complex structure 
/ on V is called uj-positive if uj{Iv,w) is a positive definite symmetric bilinear 
form and / is called uj-negative if — / is oj-positive. 

We summarize the preceding discussion in the following proposition. 

Proposition 4.7 Let (V, k) be a real pre-Hilbert space and D : V ^ V be 
a skew- symmetric operator which integrates to a continuous orthogonal one- 
parameter group 7 on V. Assume that D{V) is dense in V^. Then there exists 
a K-orthogonal ujo-negative complex structure I on T)°°{D) C Vk commuting 
with 7(M). 

Proof. We recall the complex Hilbert structure on from Remark l4.4l Ob- 
viously 'D°°{D) = I?°°(j4r) is a complex subspace. The corresponding complex 
structure / on 'D°°{D) is a;£)-negative because Ar is positive and 

u}DiIv,w) = -Hi{Amv,w) for v,we'D°°{D). 

Since 7 acts on V^, by unitaries, / commutes with 7(IR). That / is K-isometric 
follows from the construction in Remark 14.41 but it also follows from the fact 
that / is wc-negative and D{V) C is dense. ■ 

Remark 4.8 Let G{V, uj, 7) be a generalized oscillator group for which Q{x, y) = 
ui{Dx, y) is positive definite. Then there exists at most one w-positive complex 
structure I an.V such that / commutes with 7(R) and D{V) is a dense subset 
of V in the norm ||a;||/ = yjuj{lx, x). For a proof see pSZ92i Scholium 3.3]. 
In particular, in Proposition 14 . 71 the cjD-negative complex structure commuting 
with 7(M) is unique. 
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Example 4.9 A simple instructive example is the following. We consider V = 
with the canonical scalar product k and 

^=(d j' ^ = -*^=(-zd Oj- 

Then LOD{x,y) = {Dx,y) = d{xiy2 ~ 2:22/1) and 

A{ei =F «e2) = ±d{ei T ^62), 

so that 'H± — C(ei=Fie2). Hence the wu-negative complex structure on V which 
commutes with D is given hy lei — 62- 

Example 4.10 Consider the case where g = g{V,uj,D) is a direct limit oscilla- 
tor algebra, i.e., let Vn C V he subspaces with 

t/ = y 14, Vn C Vn+i and dimK < 00 

n 

such that Ldly^xVn is non-degenerate and D{Vn) C Vn holds for all n g N. We 
equip with the direct limit topology. For n e N we set D„ := D\y^. 

First we consider the conditions (Cl-3) of Theorem l2.8l Suppose (CI) holds, 
i.e., Q{x,y) = uj{Dx,y) is positive definite. Then D is injective and exists 
for all n e N, hence also : V V exists. Now uj{x, y) = Q{D~^x, y) implies 
that ixOJ is Q-continuous, i.e., (C2) holds. Moreover Q(r]{x),y) — Q{D^^x,y) 
for x,y G V implies 77 = D~^, in particular 77 takes values in V. Since the 
linear operator D^^ is continuous with respect to the direct limit topology on 
V, condition (C3) also holds. Therefore g has a non-trivial semi-equicontinuous 
coadjoint orbit if and only if, after possibly replacing D by —D, Q is positive 
definite. 

Suppose that Q is positive definite. The operator —D"^ is positive for the 
real scalar product K{x,y) = ui{x,D~^y) on V and hence we obtain a complex 
structure /„ on each finite dimensional Vn- By construction the In fit 

together to a complex structure I ox\V satisfying I\v„ = In- With the scalar 
product (x, y) := k,{x, y) — iK{Ix, y) we turn V into a complex pre-Hilbert space. 
Applying the Spectral Theorem to the positive operators A„ := —InDn on the 
complex subspaces Vn yields an orthonormal Hamel basis ei,i G N oi V with 
Dei = ciilei,ai > 0. By setting Ci := —h=ei, fi :— —Ici we obtain a symplectic 
basis (ci, fi) of V with 

Dei = -cLifi, Dfi = a^ej, > 0. (12) 

The Hamiltonian takes the form IId{v) = ^uj{Dv,v) = ^J2i^iipl + if) ^'^^ 
V = J2iPi^i + lifi- Conversely any symplectic vector space with symplectic 
basis {ei,fi),i € N, equipped with the direct limit topology and D defined by 
([T2I) defines an oscillator algebra with semi-equicontinuous orbits. 
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5 Unitary representations 



The purpose of this section is to show that the Fock-Schrodinger representation 
is semibounded for the oscillator group G = G(y, a;, 7) with semi-equicontinuous 
orbits. This brings us full circle because it implies that the existence of non- 
trivial semibounded unitary representations is equivalent to the existence of 
non-trivial semi-equicontinuous coadjoint orbits. 

5.1 The Fock— Schrodinger representation 

Let y be a complex vector space and /3:FxT^— j-Cbea positive semidefinite 
hermitian form on V . We define the associated Heisenberg group as Heis(y, /3) := 
R X F with the product 

(t, v){s, w) ^ (t + s — Im (3{v, 'w),v + w). 

For the alternating form lu := — 2Im/3, this means that 

{t, v){s, w) = [t + s + -^^{v, w), V + w). 

The hermitian form (3 can be reconstructed from w and the complex structure 
/by 

f3{v, w) = Re /3(u, w) + i Im l3{v,w) — Im /3(/w, w) — 2'^(^' ''^) 

111 

= -2^{Iv,w) - ■^uj{v,w) = --{u{Iv,w) +iuj{v,w)). 

This formula shows in particular that, conversely, any complex structure / € 
Sp(y, for which uj{Iv,v) is negative semidefinite leads to a positive semidefi- 
nite hermitian form f3 on V. 

The Heisenberg group Heis(]/, /3) acts on V by {v, t).w := v + w. 

Proposition 5.1 f [NeOO[ Prop. II. 4. 6]) The operators on defined by 

(7r(t,w)/)(z) = e^'-s/^^^'^^+^^^^^Vl^- i^) for g = (t, w) G Heis(y, ^) 

define a representation 0/ IIeis(y, /3) on satisfying the Weyl relations 

7r(0, v)7r(0, u;) = e-'^'^'f^'^''''"\{Q,v + w) = 7r( ~ Im/3(w, w), v -I- w) . 

Further, K{z, w) :— e'^'^''^' is a positive definite kernel on V , and the action of 
Heis(y,/3) leaves the corresponding reproducing kernel Hilbert space Hk invari- 
ant and defines an irreducible unitary representation on this space. 

Remark 5.2 The constant function 1 — Kq G Hk is a unit vector and 

ip{t,v) := (7r(t,w)l,l> ^ (7r(t,w)l)(0) = e**^^/9("-'') = ^^t+i^iiv.v) ^ 

This formula expresses quite naturally how each w-negative complex structure I 
leads to a positive definite function on Heis(y, oj). 
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Remark 5.3 Suppose that (5 is positive definite and let Vg be the Hilbert space 
obtained by completion of (V,/3). We consider the kernel K{v,w) := e^^'"'^'^ on 
Vp. Then K = K\vx_v- Since the kernel ii' on y is jointly continuous with 
respect to the /3-norm and V is dense in Vg, we have an isomorphism of Hilbert 
spaces 

In particular we obtain for the corresponding Fock-Schrodinger representations 

TT : Heis(t/,/3) -> \]{Hk), tt : Heis(F/3,/3) ^ UCH^) 
that TT = 7r|Hois(y,^;) via ip. 

Proposition 5.4 Let j be a strongly continuous unitary one-parameter group 
on the complex pre-Hilbert space (V,/3). Then the Fock-Schrodinger representa- 
tion TT : Heis(V, /3) — >■ VCHk) extends to a continuous unitary representation of 
the topological group Heis(V, /3) M defined by 

TT^ : Heis(F, /3) R ^ U(Hk), 7T^{t, v, s)f = Tr{t, v){f o j{s)-^). 

If A :— i^'{0) > then — id7r-y(0,0, 1) > 0, where d7r-y(0,0, 1) denotes the skew- 
adjoint generator of s t-^ 7r^(0, 0, s). 

Proof. Although this is more or less well-known, for the sake of completeness, 
we provide a proof. As the kernel K is invariant under 7, the operators 7r^(0, 0, s) 
are unitary and it is readily verified that tt^ defines a representation. Now 
suppose that A> 0. Let Vg denote the completion of (V, j3). Note that ij'{0) > 
on V implies i7'(0) > on Vg since V is 7(R)-invariant. 

In order to prove the second assertion, in view of Remark 15.31 we may 
assume that V = Vp. We consider the complex semigroup C+ = M + zM>o 
with involution z* := —z for z £ C+. Then 7(2) := e*"^^ ,z £ C+ defines an 
extension of 7 to a continuous involutive semigroup representation 7 : C"^ — 
B{V) by contractions which is anti-holomorphic on int(C+). For / e Hk and 
z eC+ we define a{z)f = / 07(2*). Then a{t) = Tr-^{0,0,t) for t e R. Since 
a{z)K^^ = Kj(^z)w holds, the linear operators a{z) leave the dense subset "H^ := 
span{K^ : V € V} invariant and define an involutive semigroup representation 
a:C+ ^ End(H?f). By [NeOOl Thm. II.4.4] we obtain 

With [NeOOl Prop. II. 4. 9] we conclude that a{z) is a contraction with a{z){'HK) C 
Hk- This leads to a continuous involutive semigroup representation a : — >■ 
B{'Hk) by contractions. Since z ^ {a{z)Ky, K^) — e^^™'^'^^)"^ is holomor- 
phic on int(C~'") for all v,w € V, the representation a is also holomorphic on 
int(C+) by ^NeUOl Lem. IV.2.2]. We conclude with j HN93[ Thm. 9.13(ii)] that 
— id7r^(0,0, 1) is non-negative. ■ 
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5.2 Application to generalized oscillator groups 

Let G := G{V,uj,^) be a generalized oscillator group. 

Definition 5.5 We call a generalized oscillator group G{V,uj,^) standard if 
there exists a unitary representation (p, V) of M such that 

(a) V = V°° is the space of smooth vectors for {p, V), endowed with its natural 

Frechet topology. 

(b) 7(i) = p{t)\v for t e M. 

(c) uj{v,w) = -2Re(p'(0)v,w). 

(d) ip'(O) > 0. 

Remark 5.6 (a) Note that for every standard generalized oscillator group G = 
G{V,uj,j), the operator D = j'{0) on V is essentially skew-adjoint and satisfies 
p'{0) = D. 

(b) For the non-negative selfadjoint operator A :— ip'{0) on V we have 

uj{v, w) = 2 Ke{iAv, w) = —2 lm{Av, w). 

(c) Since uj is non-degenerate on V the operator A\^^ is injective. As V°° = 
P|^-^2)(A") contains every vector of ker^l C ^ we obtain kei A = {0}. Thus 
the image D{V) is a dense subspace of V in the Hilbert norm (c.f. Lemma l4?3| 
and hence by Lemma IHlIb) also with respect to the C°° -topology. 

Lemma 5.7 Let G — G{V,uj,"/) be a generalized oscillator group with a non- 
trivial semi-equicontinuous coadjoint orbit and suppose that D = 7'(0) has dense 
range. Let tt : G{V, uj, 7) — U('H) be a smooth representation with 7r(t, 0, 0) = e** 
and — id7r(0, 0, 1) bounded from below. Then tt is semibounded. 

Proof. By Remark 13.31 we may assume that there exists a continuous real 
scalar product k on y such that uj{x,y) = —K,{Dx,y). Consider the support 
functional 

S7r(a) = sup {idTT{a)v,v) for a £ q — q{V,uj, D). 

By assumption we have s,r(0, 0, 1) < c < 00. Note that 

Ad(0, x', 0)(0, 0, 1) {^k{Dx', Dx'), -Dx', . 

Next we note that is Ad-invariant and a supremum of continuous linear 
functions. From the density of D(V) in V, we thus obtain s^(iK(x, x), l) < c 
for aU X £ V. We conclude s,r(i, x,l) < c — t + ^k{x, x) because of 7r(i, 0, 0) = 
e**. It follows that is bounded on a non-empty open subset of g, i.e., tt is 
semibounded. ■ 
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Proposition 5.8 Let G = G{V^ w, 7) he a standard generalized oscillator group, 
A — «7'(0) andHx ^ be the Hilbert space with reproducing kernel K(z, w) = 
^{Az,w) ^ T/ien we obtain by 

{n{t,v,s)f){z) = e^'-'^^^^-^)+^^^'^)f{^{s)-\z-v)) 
a semibounded unitary representation of G on "Hk ■ 

Proof. Since G is standard, its Lie algebra is isomorphic to a double ex- 
tension and therefore contains a non-trivial semi-equicontinuous coadjoint orbit. 
The representation tt is smooth since the function (7r(t, w, s)l, 1) = g,'^t-^(Av,v) 
is smooth and 1 is a cyclic vector ( |NelOb| Cor. 7.3]). With Proposition 15.41 
and Remark IS.Gf c) we obtain that the assumptions of Lemma 15.71 are satisfied. 
Hence tt is semibounded. ■ 

Theorem 5.9 For a generalized oscillator group G — G{V,uj,^) with D := 
7'(0) and V 7^ {0} the following are equivalent: 

(a) G{V,uj,^) has a semibounded unitary representation (tTj'H) with 7r(t, 0,0) = 

e'*l for t e M. 

(b) G(F,w,7) has a semibounded unitary representation (7r,H) with [g,g] % 

ker dTT. 

(c) q{V,lj,D) has a non-trivial semi-equicontinuous orbit. 

(d) There exists a standard generalized oscillator group G :— G{V and a 

dense embedding l: V ^ V , such that 

LG - G{V,uj,j) G{V,uj,j), {z,v,t) {z,L{v),t), 
possibly after replacing 7 by 7^^, is a morphism of Lie groups. 

Proof. (a)^(b): follows from (1,0,0) G [9,3]. 

(b) =>(c): Our assumption implies that the momentum set of tt is not 
contained in Since every coadjoint orbit in L-^ is semi-equicontinuous, 
(c) follows. 

(c) =>(d) li q{V,uj, D) has a non-trivial semi-equicontinuous coadjoint orbit, 
then Theorem 13.21 applies, i.e., q{V,uj,D) is isomorphic to a double extension 
0(V,K,-D), where uj{x,y) — ~K{Dx,y) (Remark 13. 3|) . Let V C Vk denote the 
space of smooth vectors for the isometric one-parameter group 7, obtained by 
extending the operators ^{t) to isometrics on V^. Note that V C V since 7 acts 
smoothly on V. We endow V with its natural Frechet topology defined by the 
seminorms p„(u) := ||Z?"t;||, n E Nq. Then 

Q{v,w) —k{Dv,w) 

is a continuous alternating form on V extending uj, and since DV is dense in 
Vk fLemma I3.10|) . w is non-degenerate. The action of 7 on 1/ is smooth (c.f 
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[NelObl Thm. 4.4]) and thus we obtain a generalized oscillator group G{V, a), 7). 
Applying Proposition 14.71 (with —D instead of D) yields on V an w-negative 
complex structure / commuting with 7(M). Since / is K-isometric it may be 
extended to and by setting 

{v,w) :— —(n(v,w) — iK{Iv,'w)) for v,w£Vk, 

we turn into a complex Hilbert space. Then 7 becomes a unitary one- 
parameter group on V„ . Furthermore 

u}{v,w) = —2Ke{Dv,w) for v,w&V, 

and 

> uj{Iv, v) = —k{DIv, v) for v E V 

implies that ID = DI > 0. Thus G{V,lj,j) is standard. The inclusion l : V C 
V is dense by Lemma l4.1f b) and by construction lq is a Lie group morphism. 
(d)=>(a) Since we always have the isomorphism 

GiV, Lu, 7) - G(F, w, 7-'), {z, t, s) ^ (z, t,-s), 

we may assume that lq is a morphism of Lie groups. The Fock representation 
ttf of G{V, uj, 7) is semibounded by Proposition 15. 8[ so that we obtain the 
semibounded representation LqTTf of G(V, 0-1,7). ■ 
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